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We use the notation of [l] . In addition, we write (Ux) for the quantifier "there exist infinitely many x."
We designate the set of natural numbers by A'' and the class of mappings of N into N by NN. We consider N as a topological space with the discrete topology, and NN as a topological space with the product topology. We review some known facts about NN.
I. Provided with a suitable metric, NN is a complete metric space. Lemma.2 For every predicate R(a, x, y, z) there is a predicate S(a, x, y) recursive in R such that (x)(Ey)(z) R(a, x, y, z) = (Ux)(y)S (a, x, y) for all a. £(u, a) is finite = (x)I<s£)(x, a) is finite = ix)x<viEy)iy £ C{x, a)) = (x)x<v(£y)(z)P(a, x, y, z).
Hence (x)(£y)(z)P(a, x, y, z) a (C/t))(x)I<"(£y)(z)P(a, x, y, z) = iUv)Eiv, a) is finite. Now Eiv, a) is clearly recursively enumerable in P uniformly in v and a. Hence by the enumeration theorem, there is an e such that z £ E(v, a) = iEw)T2' (e, v, z, w).
We recall that for each v, z there is at most one w such that TR,"ie, v, z, w). It readily follows that
Combining with (1), we get the lemma.
Theorem. 77je predicate "a is recursive" can be written in the form (£x)(y)(£z)P(a, x, y, z) with R recursive but cannot be written in the form (x)(£y)(z)P(a, x, y, z) with R recursive.
Proof. The first part is immediate, since a is recursive = (Ex)(y)(£z)(7\(x, y, z) & U(z) -a(y)).
Now suppose "a is recursive" could be written in the form (x)(£y)(z) Ria, x, y, z) with P recursive. Then by the lemma and the enumeration theorem we would have (2) a is recursive =. iUx)iy)Tiiaiy), e, x) for a suitable e. We shall show that this leads to a contradiction. Let Aia) = xiy)T\iaiy), e, x). If a is nonrecursive, then A (a) is finite by (2). Since there are only countably many recursive functions and only countably many finite sets of natural numbers, there are only countably many different sets A (a). Hence the sets &iA (a) =B) with B a set of natural numbers form a countable covering of NN. By I above and Baire's category theorem, it follows that there is a set B such that, setting Q=&iA(a) =B), e has an interior point.
Since the nonrecursive functions are dense, there is a nonrecursive function /3 in Q. Now for any x, (where Ext(w, z) means that w and z are sequence numbers and that (w)i = (z)i for all i<lh(z)). We show that y is well defined. Assume y(n) is defined. Then 7(re) is a sequence number; so 7(re)=5(y) for some 5 and y. By (3), 5£e. Hence there is a a in 6 such that a(y) = S(y)=y(re). Now fe+re + 1 $5 =.4(a-). Hence for some «, r^(«), e, k + n+ 1); and we may suppose u >y. If w = c(u), then Ext(w, 7(re)) & w > 7 (re) & rj(w, e, k+n-\-l).
Hence 7(re + l) is defined.
